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Abstract: In this paper, we check the universality of the entropy product for some black
hole and black ring solutions. Applying the asymptotic symmetry group (ASG) analysis,
we also find the central charges of the dual CFTs for these solutions. It has been observed
[16] that if the entropy product for a solution is universal, it is possible to read the central
charges of the dual CFTs from the entropy product as ci ∼ ∂∂Ni (S+S−), where Ni is a
conserved charge of the solution like angular momentum or electric charge. In this work
we consider some other families of solutions and we check that the same behavior is valid
for them. Moreover, in the case of solutions containing the conical singularity, we find
the central charges using the ASG analysis. We show that the central charges receive a
contribution from the conical characteristic κ of the solution, however it is still possible to
read the central charges from the entropy product.
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1 Introduction
For more than 45 years, the quantum aspect of black holes is one of the most interesting
and challenging areas in the theoretical physics. The brilliant achievements such as the
Hawking radiation [1], black hole microstates counting [2] and AdS/CFT correspondence
[3], inspired people to explore the relations between quantum field theories and black hole
solutions. In this way, one of the progresses is the Kerr/CFT correspondence [4] which
proposes that the quantum states in the near-horizon of an extremal Kerr black hole are
identified with a two-dimensional chiral conformal field theory (CFT). This CFT arises from
the generators of the asymptotic symmetry group (ASG) of a certain boundary conditions
which is imposed on the excitations of the near horizon extremal Kerr geometry. Since
the Kerr/CFT correspondence is extended to many rotating black hole and black ring
solutions [5]-[16], in the following we call them rotating solutions/CFT (Rot.Sol./CFT)
correspondence.
Thermodynamics of black hole horizons and the entropy product for multi-horizon
black holes are also received considerable attentions in the recent years [14]-[29]. It has been
observed that the product of horizon entropies for many solutions, is mass independent as
S+S− = (2π)
2N , where N depends only on the quantized charges like angular momentum
and electric charge. This property is called “universality” of the entropy product [17, 18].
The mentioned universality is also observed in the higher dimensional black hole and black
ring solutions [19, 20]. It has been also shown [29] that in the case of black hole and
– 1 –
black ring solutions with conical singularity, the entropy product is mass independent,
however the conical characteristic κ of the solutions, appears in the universality relation as
κS+S− = (2π)
2N .
It is worth mentioning that the entropy product S+S− is universal (mass independent)
provided that T+S+ = T−S− , where T+ and T− are Hawking temperatures on the outer
and inner horizons, respectively [14]. The thermodynamics of black hole horizons and its
relation with the Rot.Sol./CFT correspondence is also studied. In fact, it is proposed in
[14–16] that when the entropy product is universal for a solution, one may reads the central
charges of the dual CFTs from the universality relation as [16] ci =
6
4pi
∂
∂Ni
(S+S−), where
Ni is a conserved charge of the solution as spin and electric charge (all conserved charges
except mass). Note that in the Rot.Sol./CFT analysis one finds the central charges of the
dual CFTs only at the extremal limit however, in the thermodynamical approach presented
in [16], it is possible to find central charges for the generic (non-extremal) solutions.
In this work using the ASG analysis, we will find the central charges of the dual CFTs
for five black hole and black ring solutions. We also check the universality of the entropy
product for these solutions. We find that the thermodynamical method proposed in [16]
is true for the regular (without conical singularity) solutions. In the case of solutions
containing the conic singularity, we find out that the central charges receive a contribution
from the conical characteristic κ of the solutions. However, one can still obtain the correct
central charges from the thermodynamics method of [16].
The organization of this paper is as follows. In section 2, we briefly review some exam-
ples in which the central charges of the dual CFTs are found by using the thermodynamical
method [16]. In section 3, for two regular (without conic singularity) solutions, we calcu-
late the central charges of the dual CFTs using the ASG analysis. We also demonstrate the
universality of the entropy product and find the central charges by the method proposed
in [16]. In section 4, we investigate three black hole and black ring solutions with conical
singularity, using the approach of section 3. We show that the method of [16] is also valid
for the solutions with conic singularity. Section 5 is devoted to the concluding remarks.
2 Entropy products and central charges
In this section, we review the relation between the horizons area product and central charges
of the dual CFTs for some black hole and ring solutions. Throughout the paper we set the
Newton’s gravitational constant to G = 1.
The Kerr-Newman black hole
The four dimensional Kerr-Newman black hole [30] is characterized by its three conserved
charges: mass (M), spin (J) and electric charge (Q). It has been shown [17] that for this
solution the entropy product of inner and outer horizons is universal as
S+S− = 4π
2
(
J2 +
Q4
4
)
. (2.1)
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Applying the Rot.Sol./CFT analysis for this solution, the central charge of the dual CFT
can be obtained (in the J-picture) as [9, 31]
cJ = 12J , (2.2)
it is also possible to find the Q-picture central charge as [31]
cQ = 6Q3 . (2.3)
On the other hand, it is proposed in [14–16] that if the area product of the horizons is
universal for a solution, one can find the central charges of the dual CFTs as
ci =
6
4π2
∂(S+S−)
∂Ni
, (2.4)
where Ni s are the conserved charges of the solution like angular momenta and electric
charges. In fact, using (2.4) and considering the universality relation (2.1), one may read
the central charges as
cJ = 6
∂
∂J
(
J2 +
Q4
4
)
= 12J , cQ = 6
∂
∂Q
(
J2 +
Q4
4
)
= 6Q3 , (2.5)
which are in agreement with (2.2) and (2.3). In other words, universality of the entropy
product in a solution is a hint for the existence of the dual CFTs1.
Neutral double rotating black ring
The horizon topology of black rings in five dimensions is S1×S2. It is discussed in [20] that
the product of horizons entropy may be universal, regardless of the topology of horizons.
In the case of the five dimensional neutral double rotating black ring [32], the solution is
characterized by its mass (M) and two angular momenta Jφ, Jψ . It is observed [20] that
the entropy product in this case satisfies the universality relation
S+S− = 4π
2J2φ . (2.6)
It is worth mentioning that in this solution, the S1 circle of the black ring is parametrized
by the ψ coordinate and Jφ is the angular momentum perpendicular to it. In the thermo-
dynamical method [16], using (2.4) one can read the central charges of dual CFTs as
cφ = 12Jφ , cψ = 0 , (2.7)
and the same result is obtained by doing the Rot.Sol./CFT analysis [11, 15].
The absence of CFT dual to the rotation along ψ is explained in the thermodynamical
method by the absence of Jψ in the entropy product (2.6). While in the Rot.Sol./CFT
analysis, it can be explained as follows. The quantum states in the near horizon of the
extremal solution, are identified with a certain two dimensional CFT (as mentioned in the
introduction). In other words, the extremality plays a key role in this analysis. In the case
1Note that the formalism of [14–16] works for the generic (non-extremal) solutions, while the
Rot.Sol./CFT analysis is valid in the case of extremal solutions.
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of five dimensional single rotating neutral black ring (with the angular momentum Jψ along
the circle S1), the solution does not admit the smooth extremal limit [13]. However the
extremality may happen by adding the second rotation Jφ. More explicitly, the extremality
comes from the second rotation Jφ and therefore, there is just one CFT corresponding to
the rotation along the φ direction.
Single rotating dipole black ring
This solution [33], contains dipole charge q in addition to an angular momentum Jψ along
the S1 circle of the ring. The universality of the entropy product is also observed for the
single spin dipole black ring as [15, 20]
S+S− = 4π
2Jψq
3 . (2.8)
By using the Rot.Sol./CFT method, the central charge of the dual CFT is also calculated
as [15]
cψ = 6 q
3 . (2.9)
One can obtain the same result by using the thermodynamical method (2.4) for the generic
(non-extremal) solution.
3 Further examples
In this section, we show that the thermodynamical method to obtain the central charges of
the dual CFTs is also valid for some other black hole and black ring solutions. Specifically,
we consider the Myers-Perry black hole and double rotating dipole black ring.
3.1 The Myers-Perry (MP) black hole
The Mp black hole [34] describes a rotating black hole in space-time with dimensions D ≥ 5.
In D = 5, the line element of this solution is [34, 35]
ds2=−∆
ρ2
(
dt− a sin2 θdφ− b cos2 θdψ)2+ ρ2dr2
∆
+ ρ2dθ2 +
sin2 θ
ρ2
[
adt− (r2+ a2) dφ]2
+
cos2θ
ρ2
[
bdt−(r2+b2)dψ]2+ 1
r2ρ2
[
abdt− b(r2+a2)sin2θdφ− a (r2+b2)cos2θdψ]2, (3.1)
where a and b are two rotation parameters and
∆ =
1
r2
(r2+ a2)(r2 + b2)− 2M, ρ2 = r2 + a2 cos2θ + b2 sin2θ , (3.2)
also 3piM
4G5
is the ADM mass of the black hole. The entropy and temperature of the outer
and inner horizons and the angular momenta of the solution are
S± =
π2(r2±+ a
2)(r2±+ b
2)
2 r±
, T± = ±
r4± − a2b2
2πr±(r
2
±+a
2)(r2±+b
2)
, Jφ =
πMa
2
, Jψ =
πMb
2
,
(3.3)
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where r+ and r− are the outer and inner horizons that satisfy ∆
∣∣
r=r+
= 0 and ∆
∣∣
r=r
−
= 0.
Therefore, it is possible to find M and b in terms of r+, r− and a as
M =
(r2+ + a
2)(r2− + a
2)
2a2
, b =
r+r−
a
. (3.4)
Inserting (3.4) into (3.3), it is easy to check that T+S+ = T−S− which means that the area
(entropy) product is universal. One can also find the universality relation of the MP black
hole as
S+S− = 4π
2JφJψ . (3.5)
In the appendix (A) we review the ASG formalism to find the central charges of the dual
CFTs. Applying this formalism, the central charges of the dual CFTs to the near horizon
of the extremal MP black hole can be computed as [6, 11]
cφ =
3π
2
(a+ b)2 b = 6Jψ , cψ =
3π
2
(a+ b)2 a = 6Jφ . (3.6)
Taking into account the entropy product (3.5), it is also possible to find these central charges
from the thermodynamical method (2.4) as
cφ = 6
∂
∂Jφ
(JφJψ) = 6Jψ , cψ = 6
∂
∂Jψ
(JφJψ) = 6Jφ , (3.7)
which is in complete agreement with the results obtained in (3.6).
3.2 The double rotating dipole black ring (DRDBR)
The DRDBR is a generalization of Pomeransky-Senkov (neutral double rotating) black ring
[32] including magnetic dipole charge and dilatonic field, which is introduced in [36]. In the
ring coordinates, the solution is
ds25 =−
[
H(y, x)3
K(x, y)2H(x, y)
]1
3
(dt+ ω1 dψ + ω2 dφ)
2 +
2R2
(x− y)2
[
K(x, y)H(x, y)2
] 1
3
×
(
F (x, y) (dψ + ω3 dφ)
2
H(x, y)H(y, x)
− G(x)G(y) dφ
2
F (x, y)
+
1
ΦΨ
[
dx2
G(x)
− dy
2
G(y)
])
, (3.8)
where the coordinates lie in ranges 0 ≤ φ,ψ ≤ 2π and −1 ≤ x ≤ 1,−∞ < y < −1 with
infinity located at x = y = −1. There are some functions and terms in metric (3.8) that
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are defined as
G(x) = (1− x2)(1 + cx) ,
K(x, y) = −a2(1 + b)[bx2(1 + cy)2 + (c+ x)2]+ [b(1 + cy)− 1− cx]2 + bc2(1− xy)2,
ω1 =
R(1 + b)(1 + y)J(x, y)
H(y, x)
[
2a(a+ c)
ΦΨ
] 1
2
,
ω2 =
Rc(1 + b)(1− x2)[(1 + cy)(a+ ab+ by)− c− y]
H(y, x)
[
2ab(a+ c)(1 − a2)
ΦΨ
] 1
2
,
ω3 =
√
b(1− a2) ac(1 + b)(x− y)(1− x2)(1 − y2)
ΦΨF (x, y)
,
× [b(1 + cx)(1 + cy)(1 − b− a2 − a2b)− (1− c2)(1− b+ a2 + a2b)] ,
Φ = 1 + a− b+ ab , Ψ = 1− a− b− ab . (3.9)
The gauge field A and dilaton field χ of the solution are given by
A = Atdt+Aφ dφ+Aψ dψ , e
−χ =
(
K(x, y)
H(x, y)
)√2/3
, (3.10)
where
At=−
c(1 + b)(1 − xy)(x− y)
K(x, y)
[b(a2 − c2)(1 − a2)]1/2,
Aφ=−
R(1 + b)(1 + x)L(x, y)
K(x, y)
[
2a(a− c)
ΦΨ
]1/2
, (3.11)
Aψ=−
Rc(1+b)(1+y)
K(x, y)
[
2ab(a−c)(1−a2)
ΦΨ
]1/2[
x(1−y)(1+c)Φ + (1−x)2(a+ ab+ bcy + c)] .
There are also some messy functions in the above solution, F (x, y),H(x, y), J(x, y) and
L(x, y), for which we refer the reader to [36]. The DRDBR solution also contains four
independent parameters a, b, c and R where a and b control the dipole charge and the S2
rotation, respectively. The scale of the solution is related to R and the size of black ring
is characterizes by c . The outer horizon of (3.8) lies at y+ = −1/c and there is also an
inner horizon located at y− = −∞ . The entropy and temperature on the outer horizon
and angular momenta of this solution are [36]
T+=
1
8πR(1 + b)
√
2ΦΨ3
a(a+ c)(1−a2) , S+ = 4π
2R3c(1 + b)
√
2a(a+ c)(1−a2)
ΦΨ3
, (3.12)
Jφ =2πR
3c(1+b)
√
2ab(a+c)(1−a2)
ΦΨ3
, Jψ = 2πR
3(1+b)[(1+ c)Φ + 2bc(1−a)]
√
a(a+ c)
2ΦΨ3
.
It is also straightforward to calculate the entropy and temperature of the inner horizon.
The result is
S− = 4π
2R3bc(1+ b)
√
2a(a + c)(1−a2)
ΦΨ3
, T− =
1
8πRb(1+ b)
√
2ΦΨ3
a(a+ c)(1−a2) .
(3.13)
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Considering (3.12) and (3.13), one can check that T+S+ = T−S− . In other words the
entropy product S+S− for the DRDBR solution is universal as
S+S− = 4π
2J2φ . (3.14)
The extremal limit of the DRDBR, which is obtained by inserting a, c → 0 and b → 1, is
parametrized by [36]
a =
c
2α
, b = 1− c
β
, (3.15)
where α, β are finite parameters. At the extremal limit the Hawking temperature vanishes,
however the entropy, mass, charge and angular momenta of the solution remains finite. For
instance the angular momenta of DRDBR at the extremal limit are
Jφ =
2πR3αβ2
√
2 + 4α
(α− β)
√
α2 − β2
, Jψ =
πR3β (β + α+ 2αβ)
√
2 + 4α
(α− β)
√
α2 − β2
. (3.16)
Applying the Rot.Sol./CFT analysis, the central charges of the CFTs dual to the near
horizon of extremal DRDBR are obtain as [12]
cφ =
24πR3αβ2
√
2 + 4α
(α− β)
√
α2 − β2
= 12Jφ , cψ = 0 . (3.17)
Alternatively, one can find the same result by considering (3.14) and using the thermody-
namical method (2.4).
4 Entropy product, central charges and conical singularity
It has been shown [29] that in the case of solutions with conical singularity, regardless of
the horizon topology of the solutions, the conical characteristic κ appears in the entropy
product law as κS+S− ∼ N . In this section using the Rot. Sol./CFT analysis, we calculate
the central charges of the dual CFTs for some black hole and black ring solutions containing
the conical singularity. We find that the central charges receive a contribution from the
conical characteristic of the solutions. However, these results are in complete agreement
with the central charges obtained from the thermodynamics method (2.4).
4.1 The charged rotating C-metric
The C-metric solution [37], describes a pair of black holes that are uniformly accelerating
away from each other. The generalization of C-metric to a solution that includes rotation
and charge (Kerr-Newman black holes), is given by the line element [38]
ds2 =
1
(1 +Axr)2
[
f(r) + a2h(x)
r2 + a2x2
dt2 − r
2+ a2x2
f(r)
dr2 +
r2+ a2x2
h(x)
dx2 (4.1)
+
a2(1−x2)2f(r) + (a2+r2)2h(x)
r2 + a2x2
∆2φ dφ
2 + 2
a(1−x2)f(r) + a(a2+r2)h(x)
r2 + a2x2
∆φdtdφ
]
,
where
f(r) = (A2r2− 1)(r − r+)(r − r−), h(x) = (1−x2)(1 +Axr+)(1 +Axr−),
∆φ = [(1 +Ar+)(1 +Ar−)]
−1 =
[
1 + 2mA+A2(q2 + a2)
]−1
. (4.2)
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There are four parameters m, q, A and a in this solution which are related to the mass,
electric charge, acceleration and angular momentum, respectively. The polar coordinate x
and azimuthal coordinate φ are in the ranges −1 ≤ x ≤ 1 and 0 ≤ φ ≤ 2π. The solution
also contains the gauge field Aµ which is defined as
Aµ =
[ −qr
r2 + a2x2
, 0, 0,
qra(1− x2)
r2 + a2x2
]
. (4.3)
It is shown [39] that, for this solution there are outer and inner horizons at
r± = m±
√
m2 − q2 − a2 . (4.4)
The electric charge, mass, angular momentum and Hawking temperature are [29, 38]
Q = q∆φ , M = m∆φ , J = am∆
2
φ , TH =
(r+−r−)
(
1−A2r2+
)
4π(r2+ + a
2)
, (4.5)
the conical characteristic is also introduced and calculated for this solution in [29]
κ =
(1−Ar+)(1−Ar−)
(1+Ar+)(1+Ar−)
=
1− 2mA+A2(q2+ a2)
1+ 2mA+A2(q2+ a2)
. (4.6)
According to the Rot. Sol./CFT correspondence, in order to calculate the central charge
of the dual CFT, one needs to find the near horizon metric of the extremal solution. We
remind that at the extremal limit the Hawking temperature vanishes and the inner and
outer horizons coincide. So in the case of charged rotating C-metric solution the extremal
limit is obtained by setting m2 = q2 + a2, that results in
TH = 0 , r− = r+ = m. (4.7)
Following the method in appendix (A), we find the near horizon of the extremal solution as
ds2 = α(x)
[− r2dt2 + dr2
r2
]
+ β(x)dx2 + γ(x)(dφ + fφrdt)2 , (4.8)
where
α(x) =
−r2+ − a2x2
(1 +Axr+)2(A2r
2
+ − 1)
, β(x) =
−r2+ − a2x2
(x2 − 1)(1 +Axr+)4
,
γ(x) =
(1− x2)(a2 + r2+)2
(1 +Ar+)4(r2+ + a
2x2)
, fφ =
2ar+(1 +Ar+)
(1−Ar+)(a2 + r2+)
. (4.9)
Now using (A.13), we obtain the central charge of the CFT dual to the extremal charged
rotating C-metric as
cφ =
3
2π
fφ
∫
dxdφ
√
β(x)γ(x) =
12am
(1−Ar+)2(1 +Ar+)2
. (4.10)
Noticing that r− = r+ at the extremal limit and comparing the above result with (4.2),
(4.5) and (4.6), it is possible to rewrite (4.10) as
cφ =
12J
κ
, (4.11)
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note that the conical character κ appears in the central charge.
As we mentioned earlier, one may also find the central charge from the thermodynamics
of the solution. The entropy and temperature of the inner and outer horizons for the generic
(non-extremal) charged rotating C-metric (4.1) are [29]
S± =
π∆φ(r
2
± + a
2)
1−A2r2±
, T± =
(r+ − r−)
(
1−A2r2±
)
4π
(
r2
±
+ a2
) , (4.12)
it is straightforward to check that T+S+ = T−S− and the entropy product satisfies the
universality relation [29]
κS+S− = 4π
2
(
J2 +
Q4
4
)
. (4.13)
Now, one can read the central charge of the dual CFT from the entropy product of the
horizons by using (2.4) as
cJφ =
6
4π2
∂(S+S−)
∂J
= 6
∂
∂J
[
1
κ
(
J2 +
Q4
4
)]
=
12J
κ
. (4.14)
The above result is in complete agreement with (4.11). It means that the thermodynamics
method [14–16] to find the central charge, remains valid in the case of solutions containing
the conical singularity.
4.2 The unbalanced Pomeransky-Sen’kov black ring
The Pomeransky-Sen’kov solution [32] is a neutral five-dimensional double rotating black
ring, in which the self-gravity is exactly equal to the centrifugal force due to the rotation in
the ring direction. In the absence of this equality, the solution is unbalanced and it contains
the conical singularity. The generic unbalanced solution is in the form [40]
ds2 =−H(y, x)
H(x, y)
(
dt− ωφdφ− ωψdψ
)2
+
F (y, x)
H(y, x)
dφ2 − 2 J(x, y)
H(y, x)
dψdφ− F (x, y)
H(y, x)
dψ2
+
2k2(1− µ)2(1− ν)H(x, y)
ΦΨ(1− λ)(1− µν)(x− y)2
[
dx2
G(x)
− dy
2
G(y)
]
, (4.15)
where
Φ=1− λµ− λν + µν , Ψ = µ− λν + µν − λµ2, Ξ = µ+ λν − µν − λµ2,
G(x) =
(
1− x2) (1 + µx)(1 + νx) ,
H(x, y) = ΦΨ + ν(λ− µ)(1 + λ)Φ + νx2y2ΨΞ + ν(µ+ ν)(λ− µ)(1− λµ)(1− λµx2y2)
+ λ(µ+ ν)
[
1− λµ− ν(λ− µ)xy] [(1− λµ)x+ ν(λ− µ)y] ,
J(x, y) =
2k2(µ+ ν)(1− x2)(1− y2)
√
ν(λ− µ)(1− λµ)
Φ(1− µν)(x− y)
[
ΦΨ+ ν(λ− µ)(1 + λ)Φ
− νΨΞxy + ν(µ+ ν)(λ− µ)(1− λµ)(1 + λx+ λy + λµxy)
]
,
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F (x, y) =
2k2
Φµν(1− µν)(x− y)2
{
G(x)(y2 − 1)
{
µ(1− λ2)[Ψ + ν(λ− µ)(1 + ν)]2
− (µ+ ν)(1− λµ)(1 + νy)
[
ΨΞ− λµ(λ− µ)[Ψ + ν(λ− µ)(1 + ν)]
]}
+ νG(y)
{
(λ−µ)(1−λµ)
[
λ(µ+ ν)2(1−λµ) + [Ψ + ν(λ−µ)(1+ ν)](µ+ ν − µνx)x
]
+ [ΨΞ + λµΦ(Φ− 1)(Φ −Ψ+ Ξ)][1 + (µ + ν)x]x2
+µνΦ[ΨΞ− λµ(µ+ ν)(λ− µ)(1 − λµ)]x4
}}
. (4.16)
The solution contains four parameters. Three dimensionless parameters ν, µ and λ are in
the ranges 0 ≤ ν ≤ µ ≤ λ < 1. The forth one is k > 0 with the dimension of length and
it sets the scale of the solution. The spatial coordinates in this solution lie in the ranges
0 ≤ φ,ψ ≤ 2π, −1 ≤ x ≤ 1 and −∞ < y ≤ −1 where the infinity is at x = y = −1.
The unbalanced metric (4.15) has two horizons which are the roots of G(y). The outer
horizon is y+ = −1/µ and the inner one is located at y− = −1/ν . The entropy, Hawking
temperature, mass and angular momenta of this solution are [40]
S+ =
4π2k3Ξ(µ+ ν)(1− µ)
(1− λ)(1 + µ)
(
2λ(1 + λ)(1 − ν)
(1− µν)3ΦΨ
)1
2
,
T+ =
(µ− ν)(1− λ)(1 + µ)
8πkΞ(µ + ν)(1− µ)
(
2(1− µν)ΦΨ
λ(1 + λ)(1− ν)
)1
2
,
M =
3πk2λΦ(µ+ ν)(1− µ)
2Ψ(1− λ)(1− µν) , Jφ =
2πk3(µ+ ν)(1− µ)
(1− µν) 32
(
2νλ(1 + λ)Ξ
(1− λ)ΦΨ
)1
2
, (4.17)
Jψ =
πk3(µ+ ν)(1− µ)[2ν(1−λ)(1− µ) + (1− ν)Φ]
(1− λ) 32 (1− µν) 32 Ψ 32
(
2λ(λ− µ)(1 + λ)(1− λµ)Ξ
Φ
)1
2
.
The conical characteristic, the entropy and temperature of the inner horizon for this solution
are [29]
κ =
1 + µ
1− µ
√
(1− λ)(1 + ν)Ψ
(1 + λ)(1 − ν)Ξ ,
S− =
4
√
2π2k3ν(λ+ 1)(µ − 1)2(µ + ν)
(ν + 1)Ψ
[
λ(ν + 1)Ξ
(λ− 1)Φ(µν − 1)3
] 1
2
,
T− =
(ν + 1)(−µ+ ν)Ψ
4
√
2πk(λ+ 1)(µ − 1)2(µ+ ν)(µν − 1)ν
[
(λ− 1)Φ(µν − 1)3
λ(ν + 1)Ξ
] 1
2
. (4.18)
Note that setting κ = 1, leads to the constraint λ = 2µ
1+µ2
which removes the conical
singularity and one can recover the Pomeransky-Sen’kov (balanced) solution [32].
In the ASG analysis, the first step to obtain central charges of the dual CFTs is finding
the extremal metric. For this solution, the extremality occurs for ν = µ, where the inner
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and outer horizons coincide and the Hawking temperature vanishes. Setting ν = µ in (4.15),
see appendix A and [12], one can find the central charges as
cφ =
48
√
2λµ3 πk3(µ− 1)2(1 + λ)2√
1− 2λµ + µ2 (1 + µ)4(λ− 1)2
, cψ = 0 . (4.19)
Considering (4.17), (4.18) and taking into account the extremal condition ν = µ, one can
rewrite this result as
cφ =
12Jφ
κ
, cψ = 0 . (4.20)
Note again the appearance of the conical characteristic κ in the central charge.
It is also possible to find central charges by considering the thermodynamics of the
horizons. Noticing (4.17) and (4.18), it is easy to check that T+S+ = T−S− and the
universality of the entropy product takes to the form
κS− S+ = 4π
2J2φ . (4.21)
At this stage, using the thermodynamics method (2.4), it is easy to read the central charges
as
cJφ = 6
∂
∂Jφ
[
J 2φ
κ
]
=
12Jφ
κ
, cJψ = 6
∂
∂Jψ
[
J 2φ
κ
]
= 0 , (4.22)
which is in complete agreement with (4.20).
4.3 The dipole black ring
As the last solution in this subsection, we consider the dipole black ring. This solution is
one of the generalizations of neutral single rotating black ring [41] that contains magnetic
dipole charge q. The metric as presented in [33], is
ds2 =−F (y)H(x)
F (x)H(y)
[
dt+R
√
λ(λ− ν)1 + λ
1− λ
1 + y
F (y)
dψ
]2
(4.23)
+
R2F (x)H(x)H(y)2
(x− y)2
[ G(x)
F (x)H(x)3
dφ2 +
dx2
G(x)
− dy
2
G(y)
− G(y)
F (y)H(y)3
dψ2
]
,
where the functions F,G and H are
F (χ) = 1 + λχ , G(χ) = (1− χ2)(1 + νχ) , H(χ) = 1− µχ . (4.24)
This solution is characterized by four parameters µ, ν, λ and R which are in the ranges
0 ≤ µ < 1, 0 < ν ≤ λ < 1 and R > 0. In fact λ and ν determine the shape and rotation
velocity, µ controls the dipole charge and R is related to the size of the ring. The black
ring (4.23) has two horizons: the outer one is at y = −1/ν and the the inner horizon lies at
y = −∞. The Hawking temperature, mass, angular momentum, dipole charge and entropy
– 11 –
for this solution are [33]
T+ =
ν(1 + ν)
4πR(µ + ν)3/2
√
1− λ
λ(1 + λ)
, M =
3πR2(1 + µ)3
4(1 − ν)
[
λ+
µ(1− λ)
1 + µ
]
,
Jψ =
πR3(1+µ)9/2
2(1− ν)2
√
λ(λ− ν)(1+λ) , q = R(1+µ)(2π)
1/3
(1− ν)√1− µ
√
µ(µ + ν)(1−λ) ,
S+= 2π
2R3
(1 + µ)3(µ+ ν)3/2
√
λ(1− λ2)
(1− ν)2(1 + ν) . (4.25)
Moreover, the entropy and temperature of the inner horizon are [20]
S− = 2π
2R3
(1 + µ)3µ3/2
(1− ν)2
√
λ(λ− ν)(1−λ2) , T− =
ν
4πR
√
1− λ
µ3(1+λ)(λ − ν) , (4.26)
one can also calculate the conical characteristic for this solution as [29]
κ =
ν + 1
ν − 1
√
(µ+ 1)3(λ− 1)
(µ− 1)3(λ+ 1) . (4.27)
At the limit ν → 0 , the Hawking temperature vanishes and the inner and outer horizons
coincide, which means that the solution is extremal. According to the ASG formalism
(appendix A), it is possible to find the central charges of the dual CFTs for the dipole black
ring as [15]
cφ = 0 , cψ = 12πR
3µ3(1 + µ)
3
2 (1− λ)
√
1 + λ . (4.28)
Considering the conserved charges in (4.25), the conical characteristic (4.27) and noting the
extremality condition ν = 0, the central charges (4.28) can be written as
cφ = 0 , cψ = 6
q3
κ
. (4.29)
Similar to the previous cases, the central charges receive a contribution from the conical
characteristic κ .
For the dipole black ring solution, using (4.25)-(4.27) one can easily check that T+S+ =
T−S− and the universality of entropy product takes the following form
κS− S+ = 4π
2Jψq
3 , (4.30)
alternatively it is possible to read the central charges from the entropy product. In this
case, using (2.4) one finds
cφ = 6
∂
∂Jφ
[
Jψq
3
κ
]
= 0 , cψ = 6
∂
∂Jψ
[
Jψq
3
κ
]
= 6
q3
κ
, (4.31)
which is completely in agreement with (4.28). It shows that the thermodynamics method
(2.4) works in the case of solutions containing the conic singularity as well.
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5 Conclusions
In this work using the ASG analysis, we found the central charges of the dual CFTs for the
MP black hole and the double rotating dipole black ring. By explicit calculations we also
checked that the entropy product for these solutions is universal. In addition, we checked
that the central charges of the dual CFTs can be read correctly from the entropy product
(2.4). In other words, the thermodynamical method (2.4) to find central charges, works
appropriately in these solutions.
Furthermore, we found the central charges of the dual CFTs, by using the ASG analysis
for three solutions that contain the conical singularity: the charged rotating C-metric, the
unbalanced Pomeransky-Sen’kov black ring and the dipole black ring. Our results show that
the central charges receive a contribution from the conical characteristic κ of the solutions.
We also found that in the case of solutions with conical singularity, it is still possible
to read the central charges of the dual CFTs from the entropy product of inner and outer
horizons as (2.4). Because of the presence of κ in the entropy product law for these solutions,
the central charges obtained from (2.4) are explicitly contain the conical characteristic κ .
We found that these central charges are in complete agreement with those obtained from
the ASG analysis. In other words, our results show that the thermodynamical method (2.4)
works properly in the case of solutions with conical singularity.
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A Near horizon limit and asymptotic symmetry group formalism
In this appendix, we will construct a general framework to calculate the central charges
of the dual CFTs for the extremal solutions. A five dimensional extremal rotating black
hole(ring) solution in the ADM form can be written as
ds2 = −N2dt2 + gRRdR2 + gxxdx2 + gij(dφi +N idt)(dφj +N jdt), (A.1)
where x is the polar angle and i, j = (φ,ψ). Here we set the location of the degenerate
horizon to be at R = 0. The shift and laps functions in the above metric can be found as
Nφ =
gtφ gψψ − gtψ gφψ
gφφ gψψ − g2φψ
, Nψ =
gφφ gtψ − gφψ gtφ
gφφ gψψ − g2φψ
, N2= −gtt + gijN iN j. (A.2)
In this framework, the first step is finding the near horizon metric. For this purpose, we
expand the quantities around the horizon R = 0. The result is
N2 = f1(x)
2R2 +O(R3), gRR =
f2(x)
2
R2
+O(R)−1, N i = −Ωi + f i3R+O(R)2. (A.3)
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It is worth mentioning that Nφ and Nψ are angular velocities of the solution. These terms
in the limit of R → 0 give the angular velocities of the horizon which are denoted by Ωi .
Now by applying the rescaling [31] in the form
t→ f4
ε
t , R→ εR , φi → φi + Ω
if4
ε
t , f4 =
f2(x)
f1(x)
, (A.4)
and taking the limit ε→ 0 , the resulting near horizon metric can be written in the following
form
ds2 = α(x)
[− r2dt2 + dr2
r2
]
+ β(x)dx2 + γij(x)(dφ
i + f irdt)(dφj + f jrdt) , (A.5)
where f i = f i3f4 for i = φ,ψ .
Since the geometry (A.5) has the SL(2, R)×U(1)φ×U(1)ψ isometry, we will try to find
the central charges of the Virasoro algebras due to the isometry enhancement. We will follow
the asymptotic symmetry group (ASG) approach [4, 42]; so we need an adequate boundary
condition. Let’s consider the following boundary condition for the metric fluctuations
hµν ∼


O(r2) O(1) O(1/r) O(r) O(r)
O(1/r3) O(1/r2) O(1/r) O(1/r2)
O(1/r) O(1/r) O(1/r)
O(1) O(1)
O(1/r)

 . (A.6)
Now it will be easy to show that the general diffeomorphism which preserves this boundary
condition is
ζ =
[
C+O( 1
r3
)
]
∂t+
[− rǫ′(φ) +O(1)]∂r +O(1
r
)∂θ +
[
ǫ(φ) +O( 1
r2
)
]
∂φ +O(
1
r2
)∂ψ , (A.7)
where C is a constant and ǫ(φ) is a smooth periodic function of φ and a prime denotes the
derivative with respect to φ. Using the basis ǫn(φ) = −e−inφ for the function ǫ(φ), the
generators of asymptotic symmetry group are
ζn = e
−inφ
(− in r∂r − ∂φ) , (A.8)
which satisfy the Witt Algebra [ζm, ζn] = −i(m − n)ζm+n. There is also another set of
ASG generators corresponding to the rotation in the ψ direction. Note that in this case the
boundary condition is the same as (A.6) where φ and ψ coordinates are exchanged. These
generators make another Witt algebra and are given by
ζn = e
−inψ
(− in r∂r − ∂ψ) . (A.9)
Each generator of diffeomorphism has a conserved charge. The conserved charges associated
to the diffeomorphisms (A.8) or (A.9) are defined by [4]
Qζ =
1
8π
∫
∂Σ
kζ [h, g], (A.10)
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where ∂Σ is a spatial surface at infinity (boundary) and
kζ [h, g] =
1
2
[ζν∇µh−ζν∇σh σµ +ζσ∇νh σµ +
h
2
∇νζµ−h σν ∇σζµ+
1
2
hνσ(∇µζσ+∇σζµ)]∗(dxµ∧dxν),
(A.11)
in which “∗” denotes the Hodge dual in five dimensions. In the Brown-Henneaux approach
[42] the central charge is given by
1
8π
∫
∂Σ
kζm [Lζng, g] = −
i
12
c(m3 −m)δm+n,0 , (A.12)
where Lζng is the Lie derivative of the metric (A.5) with respect to ASG Killing vectors
(A.8) or (A.9). By doing the calculations, one can find the central charges of the dual CFTs
as
ci =
3
2π
f i
∫
dxdφdψ
√
β(x)γ, i = φ,ψ , (A.13)
where γ = detγij(x).
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